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Abstract
The entropy of the four dimensional Schwarzschild black hole is derived by map-
ping it onto a conguration of intersecting branes with four charges. This cong-
uration is obtained by performing several boosts and dualities on a neutral black
brane of M-theory to which the Schwarzschild black hole is related by trivial com-
pactication. The innite boost limit is well-dened and corresponds to extremality
where the intersecting brane conguration is a marginal one on which a standard
microscopic counting of the entropy can be safely performed. The result reproduces
exactly the Bekenstein-Hawking entropy of the four dimensional black hole.
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Recent progress in string theory and M-theory indicates that an understanding of fun-
damental issues in black hole physics may well be within reach. Using D-brane techniques
a statistical explanation of the entropy for some black holes has been discovered. The
entropy has been computed in terms of the degeneracy of D-brane congurations describ-
ing in the weak coupling, charged black holes in the extremal and near-extremal limit
[1, 2, 3, 4, 5, 6, 7]. Unfortunately, this systematic approach cannot be applied directly
to neutral Schwarzschild black holes. Microscopic considerations based on Matrix theory
have however been discussed recently [8, 9, 10, 11, 12]. Other considerations [13] involve
a connection between the Schwarzschild black hole and the 2+1 dimensional BTZ black
hole [14], which has been given a microscopic description in [15, 16].
A quantitative analysis of Schwarzschild black holes applying some M-theory con-
cepts has been suggested in [17]. It is proposed, following the idea of [18], to view a
Schwarzschild black hole as a compactication of a black brane in 11 dimensional super-
gravity and to relate it to a charged black hole with the same thermodynamic entropy.
The charged black hole is obtained by subjecting the black brane to a boost [19] in un-
compactied spacetime followed by Kaluza-Klein reduction on a dierent radius [18] (see
also [11]). In [17], a near extremal limit is dened, in which the Schwarzschild radius
remains arbitrarily large at innite boost. It is proposed to use this limit to obtain the
entropy of Schwarzschild black holes from the microscopic entropy of the charged ones,
viewed as systems of D-branes. This was applied to the seven dimensional black hole,
mapped onto a near extremal system of D3-branes.
In this letter we apply this proposal to four dimensional Schwarzschild black holes.
In order to relate a four dimensional Schwarzschild black hole to a \countable" D-brane
conguration, the procedure is more involved because we will have to perform several
boosts and dualities [18]. More precisely, each boost creates a (Ramond-Ramond) charge,
and we will end up with a conguration of intersecting branes with four charges. In
this case, the innite boost limit leads exactly to extremality where the conguration is
marginal and a standard microscopic counting of the entropy can be safely performed
(because it is protected by BPS arguments). In this way the Bekenstein-Hawking entropy
of the four dimensional Schwarzschild black hole is exactly recovered.
The metric of a four dimensional Schwarzschild black hole is:




This metric can be trivially embedded in an 11 dimensional space-time simply by taking
its product with a flat 7-dimensional (compact) space. It thus corresponds to a neutral
black seven-brane compactied on a T 6  S1 characterized by sizes Li (i = 1 : : : 6) and




2L1 : : : L6R
: (2)









We now consider this neutral black seven-brane in the framework of M-theory. Most
generally, we recall the precise relation between the parameters of M-theory compactied
on a circle S1 (i.e. the eleven dimensional Planck length lp and the radius R) and the
















Using boosts (in a sense to be dened below) and dualities, we will map the above black
brane onto a conguration of intersecting branes carrying 4 Ramond-Ramond charges.
We will then show that there exists a limit in which the latter conguration approaches
extremality in such a way that the statistical evaluation of its entropy is well-dened.
We now proceed to the careful description of all the steps leading to the nal con-
guration corresponding to the intersection D4\D4\D4\D0, which is a marginal bound
state in the extremal limit.
Let z be a coordinate parametrizing the covering space of the S1 factor of the compact
space over which the neutral black brane is wrapped. We can now perform a boost of





We now dene a new compactication identifying the boosted coordinate z0 on intervals of
length 2R0. This is not a constant time compactication as viewed from the unboosted
z frame. The 10 dimensional theories dened respectively by compactication on R and
R0 are thus dierent. They nevertheless coincide at the horizon where all time intervals
are blueshifted to zero. The two compactications are thus on the horizon related by a
coordinate transformation, as discussed in [17].
The Schwarzschild black hole embedded in 11 dimensions is of course not invariant
under the boost. The metric acquires a non-vanishing o-diagonal gt0z0 component. The
resulting conguration, as viewed in 10 dimensions, is a non-extremal set of D01-branes
(smeared on the T 6); the subscript indicates that the D0-branes have been created by
the rst boost. This IIA string theory is characterized by parameters gs and ls which
have a well-dened dependence on the boost parameter  given by (4) and (5) when R is
replaced by R0.
In the following step we perform T-dualities in the directions, say, 1^2^3^4^ of T 6 to obtain









We now uplift this IIA conguration to 11 dimensions. Note that this is a \new"
M-theory in the sense that the Planck length is now a function of  and the dependence
on  of the radius of compactication has changed.
To create a second charge, we perform a boost of parameter  on the eleventh direc-
tion. Following the same procedure as for the rst boost, the radius of compactication of
the new M-theory is rescaled by 1= cosh . After compactication, the resulting IIA con-
guration corresponds to the non-extremal version of the marginal bound state D41\D02.
We then T-dualize on the 1^2^5^6^ directions, leading to a D41\D42 conguration. The
rst set of D4-branes lies now in the 3^4^5^6^ directions.
Uplifting to eleven dimension for the second time, the parameters now depend on the
two boosts  and . We are now ready to create a third charge, performing a third boost
of parameter γ.
This results, after compactication and T-dualities over 1^2^3^4^, to a non-extremal con-
guration D41\D42\D43, lying respectively in the 1^2^5^6^, 3^4^5^6^ and 1^2^3^4^ directions.
A last uplift{boost{compactication procedure characterized by a boost parameter
 leads to our nal conguration D41\D42\D43\D04. The corresponding metric in the





















































































































cosh  sinh 

;
where ~F6 is the 10 dimensional Hodge dual of the 4-form RR eld strength.
The string coupling and string length of the type dIIA theory in which this conguration


























cosh cosh  cosh γ cosh  (= l2s cosh : : : cosh ) (13)
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L1 : : : L6Rr0 sinh 
l9p cosh cosh  cosh γ
:
The charge densities above are normalized in such a way that the elementary D-branes
have a charge density equal to their tension [23].






























cosh3  cosh3  cosh3 γ cosh 
Using (15) and (16), we can now compute the dierent numbers of constituent D-


































Strictly speaking, these numbers represent the number of branes only in the extremal
limit, but can be interpreted more generally as the dierence between the number of
5
branes and anti-branes. Note that it is also possible to compute the numbers (17) by
evaluating after every boost the number of D0 branes created. Indeed, the numbers are
strictly invariant under all the subsequent dualities and further boosts.
We will now show that taking all the boost parameters to innity with r0 kept xed
is equivalent to taking the extremal limit on the intersecting D-brane conguration. In




L1 : : : L6R
l9p
r0
cosh 2+ cosh 2 + cosh 2γ + cosh 2
cosh cosh  cosh γ cosh 
: (18)
This formula is to be compared with the extremal value derived from the charge densities
(15):
Mext = QD41L^1L^2L^5L^6 +QD42L^3L^4L^5L^6 +QD43L^1L^2L^3L^4 +QD04 : (19)
It is then easy to show that when all the boost parameters are equal and are taken to




Note that in the same limit both M and Mext go to zero as e
−2. However we have to take
into account the formulas (12) and (13) which tell us that g^s remains nite and m^s  l^−1s
goes to zero as e−2. Thus the masses above are nite in string units. Note also that for
all the internal directions the ratio L^i=l^s is nite
1.
Despite the fact that m^s is vanishingly small in the limit discussed, we can neglect the




4r0 cosh cosh  cosh γ cosh 
(21)
which gives a TH=m^s of order e
−2 in the extremal limit.
For the supergravity description to be valid and not corrected by higher order curvature
terms, we have to check that the typical length scale derived from the Riemann tensor is
much bigger than the string length. This can indeed be computed, and it holds as soon
as r0  lp.
In this innite boost limit, the numbers of constituent D-branes (17) tend to a nite
value, which moreover is large if we take r0  lp as above and we assume that R and all
Li are of order lp or bigger. The fact that the N ’s are large but tend to a nite value is a
crucial element for the validity of our mapping procedure.
We are now in position to compute the microscopic degeneracy of this extremal
D4\D4\D4\D0 conguration. This conguration can indeed be related to the one con-
sidered in [4] by a series of T- and S-dualities. One ends up with a conguration consisting
of N2 D6-branes wrapped on the whole T
6, N3 NS5-branes lying in the 1^2^3^4^5^ directions,
N1 D2-branes in the 5^6^ directions (which become actually N1N3 after breaking on the
NS5-branes) and nally N4 quanta of momentum in the 5^ direction. Going to flat space,
1This result and the niteness of g^s imply that the string units and the Planck units in 4 dimensions
are of the same order in .
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the degeneracy of these momentum excitations can be computed as in [4]. The statistical




Note that all the N ’s, which by (17) are proportional to r0, can be taken arbitrarily large
because our limit has been dened keeping r0 xed and, in fact, arbitrarily large. Using
the values (17) in the innite boost limit, we nd:
Smicro = 2






in perfect agreement with the Bekenstein-Hawking entropy of the original four dimensional
Schwarzschild black hole given in (3).
This result calls for some comments.
At rst sight, counting states of a Schwarzschild black hole through a mapping onto an
extreme BPS black hole seems a very indirect procedure. However the mapping crucially
rests on the relation between compactication radii (see e.g. Eq. (7)) ensuring equality
of semi-classical thermodynamic entropies. As we have seen, this mapping is equivalent,
on the horizon only, to a coordinate transformation in eleven dimensions. The physics
outside the horizon is dierent and in spacetime we have two distinct physical systems.
Nevertheless, the very fact that entropy was obtained by a counting of quantum states
strongly suggests that the two dierent systems can be related by a reshuing of degrees
of freedom dened on the horizon.
Another crucial element of our computation is the fast convergence in the innite boost
limit to a conguration of extremal BPS D-branes. This is in sharp contradistinction to
the case examined in [17] where all the entropy came from a departure from extremality.
This arose because the slow vanishing of the excess mass M  M −Mext was exactly
compensated by the growth of the internal volume to give a nite value to the entropy
of the non-BPS excitations of the D3-branes. In our case the situation is dierent. The
product ML goes to zero in the limit, leaving a pure BPS state which can then be safely
extrapolated to flat space.
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